ABSTRACT Exact solutions for free vibration frequencies and modes are obtained for thicknessshear and thickness-twist vibrations of unelectroded circular AT-cut quartz plates governed by the two-dimensional scalar differential equation derived by Tiersten and Smythe. Comparisons are made with experimental results and the widely-used perturbation solution by Tiersten and Smythe under the assumption of weak in-plane anisotropy. Our solution is found to be much closer to the experimental results than the perturbation solution. For the frequency of the fundamental thickness-shear mode, the error of the perturbation method is 0.4549%, significant in resonator applications.
I. INTRODUCTION
Piezoelectric crystals are widely used to make acoustic wave resonators for time-keeping, frequency generation and operation, telecommunication, and sensing. Quartz is the most widely used crystal for resonator applications. A large portion of quartz resonators operate with the so-called thicknessshear vibration modes of a plate [1, 2] . Owing to material anisotropy and electromechanical coupling, theoretical modeling of crystal resonators using the equations of anisotropic elasticity or piezoelectricity is very complicated. Approximations of the governing equations or approximate solution techniques are usually necessary. For analyzing crystal resonators, Mindlin and his coworkers developed twodimensional equations for motions of elastic and piezoelectric plates [3] [4] [5] . The plate equations make resonator theoretical analysis possible in many practically useful cases [6] [7] [8] [9] [10] [11] . More references along this line can be found in a review article [12] . Mindlin's plate equations are most effective for the frequency range from zero up to slightly above the fundamental thickness-shear frequency. For higher-order modes Mindlin's equations become complicated. For higher-order modes, Tiersten and his coworkers developed a scalar equation approach. Specifically, by studying the propagation of long thickness-shear waves in a crystal plate, from the approximate dispersion relations of these waves accurate to the second order of the small in-plane wave numbers, a single two-dimensional scalar differential equation governing the thickness-shear displacement was obtained for the widely used quartz crystal plates of AT-cut [13] and SC-cut [14, 15] . This paper is on higher-order modes in AT-cut quartz plate resonators using the scalar equation in Ref. [13] .
For most quartz resonators, the shapes of the crystal plates or the electrodes on the top and bottom of the plates are either rectangular or circular. Since the scalar differential equation derived in Ref. [13] is separable in Cartesian coordinates, free vibration frequencies and modes of unelectroded rectangular AT-cut plates can be readily obtained [13] . Solutions for unbounded contoured resonators made from plates with nonuniform thickness have also been obtained in Cartesian coordinates for AT-cut [16] and SC-cut [14] . These modes have further been extensively used in frequency stability analysis of crystal resonators due to a temperature change [17] and normal [18] [19] [20] or in-plane [21] [22] [23] accelerations. For circular resonators, however, the situation is different. This is because the scalar differential equation obtained in Ref. [13] is not separable in polar coordinates due to material anisotropy. Hence the analysis of circular resonators is mathematically more challenging than rectangular resonators. Tiersten and Smythe [13] introduced a perturbation procedure by writing the coefficients of the scalar differential equation as the sum of a mean or isotropic part plus a deviation due to anisotropy. This perturbation procedure was used in a series of later analyses [24] [25] [26] [27] [28] for circular resonators with various complications like contouring, beveled edges, and partial electrodes, etc.
The perturbation procedure proposed in Ref. [13] is valid for resonators with weak anisotropy. For the most widely used fundamental mode AT-cut quartz resonator, the ratio between the deviation and the mean of the coefficients of the scalar differential equation is 0.231 [24] which is not very small. Then it is natural to wonder what the error or inaccuracy of the perturbation procedure is. This can be best answered by a direct comparison with the exact solution of the scalar differential equation, which is obtained in the present paper. We also make comparisons with available experimental results.
II. GOVERNING EQUATION
The nth-order thickness-shear displacement u (n) 1 (x 1 , x 3 , t) of an unelectroded AT-cut quartz resonator with thickness 2h is defined by [13] 
where
By studying the propagation of long u 1 waves in the (x 1 , x 3 ) plane, from the approximate dispersion relations of these waves accurate to the second order of the small in-plane wave numbers, it was shown [13] that u (n) 1 is governed by the following two-dimensional scalar partial differential equation:
where 
c pq , e ip and ε ij are the usual elastic, piezoelectric and dielectric constants. We consider time-harmonic free vibrations for which all fields have the same exp(iω t) factor which is dropped for simplicity. For
III. CIRCULAR RESONATOR
Consider the AT-cut circular quartz resonator in Fig.1 . Introduce the following coordinate transformation from (x 1 ,x 3 ) to (y 1 ,y 3 ): where λ and µ are parameters to be specified later. Equation (7) transforms Eq. (6) into:
We choose
Then Eq.(8) becomes the following Helmholtz equation:
Let the boundary of the circular resonator be defined by
In the transformed plane the boundary of the resonator is
which represents an ellipse. For n = 1 and n = 3, we have λ > µ. Therefore the semi-major and semi-minor axes are R/µ and R/λ, respectively. We introduce elliptical coordinates (ξ, η) defined by [29] 
where c is a parameter and 2c is the focal distance of the ellipses associated with Eq. (14) . Then Eq.(11) takes the following form:
IV. SOLUTIONS OF THE HELMHOLTZ EQUATION
By the standard method of separation of variables in partial differential equations, we write u
Substitution of Eq. (17) into Eq.(15) results in the following two ordinary differential equations:
where α is a separation constant. Equations (17) and (18) are known as the angular and radial Mathieu equations, respectively.
A. Solutions of the Angular Mathieu Equation
Equation (18) has four kinds of periodic solutions with period 2π [29] :
where m=0, 1, 2, 3, . . . . A 
a 2m+1 , a 2m+2 , b 2m , and b 2m+1 are the roots of the polynomial equations of α obtained by setting the determinants of the coefficient matrices of Eqs. (24)- (27) to zero. se 2m+1 (η, q) and se 2m+2 (η, q) correspond to modes odd in x 1 (called antisymmetric in this paper). ce 2m (η, q) and ce 2m+1 (η, q) correspond to symmetric modes. a 2m+1 and a 2m+2 are associated with the (2m+1)th and (2m+2)th antisymmetric modes, and b 2m and b 2m+1 the 2mth and (2m + 1)th symmetric modes. ce m (η, q) and se m (η, q) are orthogonal functions satisfying the following condition:
In accordance with Eq. (28), we have the following normalization conditions:
B. Solutions of the Radial Mathieu Equation
The four kinds of radial Mathieu functions corresponding to the above angular Mathieu functions are:
, and J m are Bessel functions of the first kind.
V. THICKNESS-SHEAR AND THICKNESS-TWIST MODES
We discuss antisymmetric and symmetric modes separately.
A. Antisymmetric Modes
The displacement field of these modes is
where S m are undetermined constants. Let the elliptical boundary of the plate in the transformed plane be at ξ = ξ 0 . The boundary condition is [13] 
or Se m (ξ 0 , q) = 0 (36) Equation (36) determines q. Then ω can be determined from Eq. (16) .
B. Symmetric Modes
Similarly, the symmetric modes are given by
VI. NUMERICAL RESULTS AND DISCUSSION
For AT-cut quartz the material constants can be found in Ref. [30] . As an example consider a circular plate resonator whose diameter 2R = 7.874 mm and thickness 2h = 1.10236 mm. This determines ω 0 = 9.467803 × 10 7 rad/s or f 0 = 1.506848 × 10 7 Hz, and ξ 0 = 0.10033. We use the first thirty terms of each series to calculate the displacement field. For the most widely used fundamental thickness-shear mode, the number of significant figures for its frequency is sixteen when thirty terms are kept in the series.
Figures 2(a) and (b) show the distributions of u
1 for the fundamental thickness-shear mode with n = 1 and u · 251 · Table 1 . Frequencies of the fundamental (n = 1) and the third overtone (n = 3) bottom surface has a 180 • phase difference from the top surface. The plate middle plane is a nodal plane without motion. The third overtone mode has three nodal planes parallel to the plate surfaces. We note that, because of the in-plane material anisotropy of the plate, the vibration distributions are not exactly circular in Fig.2 . Rather, they are slightly longer along x 1 and narrower along x 3 . The distribution in (b) is more confined to the center than that in (a). In the figure caption, the frequencies predicted by our solution are denoted by f , and those by the perturbation solution in Ref. [13] by f T . The frequency of the third overtone is roughly three times that of the fundamental.
We compare theoretical results with experimental measurements in Table 1 , where the experimental results are the averages of ten repeated measurements for each of the two cases of n = 1 and 3 [13] . In both cases, our solution is closer to the experimental result than the perturbation solution. For n = 1 and 3, the differences between our solution and the perturbation solution are 68600 Hz and 206000 Hz, respectively. The relative difference is 0.4547% for n = 1 and 0.4557 for n = 3. This is quite significant because resonator frequency requirements are often in terms of ppm (parts per million).
When n = 1, in addition to the mode in Fig.2(a) , there are other modes whose frequencies are slightly higher than the mode in Fig.2(a) , with nodal lines roughly parallel to the x 3 axis in the (x 1 ,x 3 ) plane. Three of these modes are shown in Fig.3 . Thickness-shear modes are usually excited electrically by electrodes on the plate top and bottom surfaces. If a nodal line appears under the electrodes, charge cancellation on the electrodes will occur which is usually undesirable. Therefore the mode in Fig.2(a) without nodal lines in the (x 1 ,x 3 ) plane is the most useful mode. Still for the case of n = 1, there also exist modes with nodal lines roughly parallel to the x 1 axis. One of such modes is shown in Fig.4(a) . There are also more complicated modes with nodal lines roughly along both x 1 and x 3 . These modes are called thickness-twist modes. Their frequencies are only slightly different, increasing slowly when there are more nodal lines.
VII. CONCLUSION
Exact thickness-shear and thickness-twist modes are obtained from the scalar differential equation by Tiersten and Smythe for a circular plate crystal resonator of AT-cut quartz. Our solution is closer to experimental results than the perturbation solution by Tiersten and Smyth. For the frequency of
